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Regularity in Semigroups of Order-Preserving Full Contraction Mappings
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ABSTRACT

A regular Semigroup is a semigroup S in which every element is
regular, that is, for each element a, there exists an element z such
that aza = a, while a Contraction map is | za—ya |I<|z—y |. Let
T be the full symmetric semigroup on X,, = {1,2,...,n}. Let also
Opn={aeT,:(Vo,ye Xp)z <y = ro < yo or v > yalt
and €T = {a € Tn : (Vz,y € X,) |z —y |>] za — ya |}
Then C7, and OCT, be its subsemigroups of contrac-
tion and order-preserving full contractions of X,,. This
paper investigates the regularity of the subsemigroup,
OCTn and found that OCT, is not a regular semigroup.

1. INTRODUCTION

The full transformation semigroup 7 on a set X, the semigroup analogue of the symmetric
group Sx, has been much studied over the last seventy years, in both the finite and the
infinite cases, please see [2, 3, 4, 7, 8] but the contraction semigroup cases have just come
onboard in the last ten years, see also [L, 5, 6, 9]. Regular semigroups were introduced
by Green’s, [2], in his influential 1951 paper ”On the structure of semigroups”; this was
also the paper in which the popular Green’s relations were introduced. The concept of
regularity in a semigroup was adopted from an analogous condition for rings. It was
his study of regular semigroups which led Green to define his celebrated the five Creens
equivalent relations.

Let X,,={1,2,...,n}. Then a (partial) transformation a:Dom o C X, = Ima is said to
be full if Dom a = X,,; otherwise it is called stricly partial and a mapping in 7, is called
order preserving if, for all z,y in {1,2,...,n},

r<y=za<ya

and a contraction if

| 20— ya|<|z—y|
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for all z,y in {1,2,...,n}. For undefined terms in semigroup theory, see [3, 4].

The methods employed in carrying out this research work were that the elements in the
subsemigroup OCT,, were listed. The elements by their heights were arranged, within
each height-class by their ranks as well as their images-type and kernel-type. From these
arrangements, min and maxz were formed, the patterns of the arrangement were studied
and results were deduced in each case through the principle of regularity definition.

2. PRELIMINARIES

This research work breaks into four sections. In the first section, the background to
the study and a general introduction is given as well as the research methodology used in
carrying out the research work were discussed, while section 2 deals with some preliminary
results and algebraic structures of OC7T,, were studied, also in section 3, regularity and
research results were intensively investigated and presented, and finally, section 4, a general
summary and conclusion were drawn.

Let
A Ay - A4 Bi By -+ B,
o= 7,6: 7 9
al a2 ap bl b2 bp
where a; < ag < -+ <ap, A1 < Az <+ < Ap, a; < a1 < minA; —mazA;_1, by <by <
s Kby, By < By < oo v & By by < bjog £ minB; —maxB;_1,i=2,...,p(p >2).

For any two elements in OC7T, with the same rank. Let
d = maz Ay — mazB;. If minA, — minB, = dand
(2.1) Ai=B;+dorB;=A;—d,i€[2,p—1](ifp > 3),

then «, 8 are called same kernel- type denoted by aKerf.

Also let
e A1 A2 Ap ﬂ_ Bl BQ Bp
\Nar ag -0 oap )7\ bt by oo by )7

for any two elements in OCT, with the same rank. If

(2.2) la; — aj| = |bi — b;| foralli,j € [1,p],

then a, § are called same image-type denoted almp.

Let

(2.3) On={acT,:(Vz,y€ Xp)z <y = za < yaor za > ya}

be the subsemigroup of 7, consisting of all order-preserving full transformations of X,
and also, let

(2.4) CTn={aeT,:(Vo,ye Xp) |z —y|>| za—ya|}

be the subsemigroup of 7, consisting of all full contractions of X,,.

Also, two functions are L-related if and only if they have the same image, R-related if
and only if for z and y in the set X,; such functions are in the same table row(kernel).
Similarly, two functions are D-related if and only if their image sets have the same size.
Then we have the following lemmas:

Lemma 2.1. The set of all contraction mappings CT, of an n-chain is a semigroup.

Proof. We are to show that the set of CT, is (i) Closed (ii) Associative.
(i) Closure: Let a, 8 € CTy. Then |z — y| > |za — ya| and |z — y| > |20 — yB]. [Goal: to
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show that |z — y| > |z(af8) — y(af)].]
Now

I

() — y(ab)] [(za) B — (yo) B
|(zar) — (ya)

|z —y|

VAN VAN

Hence, a8 € CT .
(ii) Associativity and identity are inherited. O

Lemma 2.2. Let o € CT,, be such that f(a) =m. Then F(a) = {i,i+1,...,i+m—1}.
Equivalently, F (o) is convez.

Proof. Observe that it is sufficient to show that any point between two fixed points (of
a € CT,,) must also be a fixed point. Let z,y € F(a). Then za = = and yo = y. Suppose
also without loss of generality x < 2’ < y for some z’ € X,,. Note that if 2'a = z, there is
nothing to prove. Thus we consider two cases: (i) @’ > 2'c; (ii) 2’ < 2’a. In the former,
we have
ly—2' |=|ya—2' |=ya -2’ <ya—2'a=|ya—2'a]

which implies that « is not a contraction. Hence we get a contradiction. In the latter, we
have

|2’ —z|=|2' —za|=2 —za <2'a—za=|2a—za|

which implies that « is not a contraction. Hence we get a contradiction. Thus, the proof
is complete. O

Lemma 2.3. Let a € CT,, be such that h(a) = p. Then ima = {i,i+1,...,i+p—1}.
Equivalently, im o is convez. '

Proof. (By contradiction) Suppose that ima is not convex. Then there exist z,z € ima
with z < y < 2z for some y € X,, \ #ma. Let (y — 1] and [y + 1) the lower and upper
saturations of ¥y — 1 and y + 1, respectively. Notice that = € (y — 1] and z € [y + 1).
Moreover, (y — 1o~ # X, # [y + 1o~ but (y — a1 Uy + o™t = X,. If (y — l]a™!
is convex then since (y — 1}&‘1 # X, there exist either
Ate(y—1atandt+1€y+1)al;or
(ii)te(y—1atandt—1€[y+ 1ot
Case (i): it is clear that ta <y —1and (t+ 1)a > y + 1 so that
2< (t+a—ta=|(t+Da—ta|<|(t+1)—t]|=1,
which is a contradiction. Case (ii): it is clear that ta <y —1 and (t — 1)a > y + 1 so that
2<(t—-lNa—-ta=|{t-Da—-ta|<|(t-1)—t|=1,

which is another contradiction. On the other hand if (y — 1Ja~! is not convex then there
exists t € (y — 1Ja~! and either t+1 € [y+1)atort—1 € [y+ 1)a1. In the former, we
see that ta <y —1and (t+ 1)a > y + 1. Thus,

2<(t+l)a—ta=|(t+)a—ta|<|(t+1)—t]|=1,
which is a contradiction. In the latter, we see that ta <y —1 and (¢ —1)ae > y + 1. Thus,
2<(t—-la—ta=|({t-1a—-ta|<|({t-1)—t|=1,

which is another contradiction. Hence, the proof is complete. O
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Lemma 2.4. Let o, 8 € OCT . If h(a) = h(B) then o and (B have the same image type (o Im ).

Proof. Since Im a is convex for all o € OCT,,, by Lemma 2.3 it follows that |a; — a;41| =
1 foralli € {1,2,...,p —1}. Hence, the proof is complete. O

Lemma 2.5. Let a,3 € OCT,, be such that h(a) = 1 = h(B). Then a and B8 have the
same kernel type (o Ker ).

3. REGULAR SEMIGROUPS

A regular semigroup is a semigroup S in which every element is regular, i.c., for cach
element a, there exists an element x such that aza = a and are one of the most-studied
classes of semigroups, and their structure is particularly amenable to study via Green’s
relations.

Some years back, [9] initiated the algebraic study of semigroups of Order-preserving partial
Contractions of an n-chain, where they referred to Contractions as Compressions.

Lemma 3.1. Let o € CT, be such that h(a) = p > 3. Then
o= ( Ay Ay . A >
aj A5 s Cbp
is reqular if and only if LT (o) or UT(e) (Lower or Upper Transversal) is conver.

Proof. Suppose LT () is convex. Withoutloose of generality : {i,i+1,--- ,p+i—1} =

LT(«) where 1 <4 <n—p+1 and observe that i + j — 1 € A;. Define o by
ajo =1+5-1(G=1,2,---,p)

; o, if z<ay;

(:”75‘”)”‘"{ p+i—1, ifz>a.

Also for aav v = &

14 7

(yo)aoa = (ajo)a
(i+7— Do
== AjO{

= yo.

O

In the following theorem, we give a characterisation of regular element in OCT,, = O, N

&7 &

Theorem 3.2. Let a € O, andCT,, be as defined in equations (2.3) and (2.4) respectively
and let « € OCT,, = O, NCT .

(1) If h(cx) < 2 then « is regular.

(ii) If h(c) > 2 then a is regular if and only if minA, — ap = d and A; = {a; + d}.

Proof. Let (i) If h(a) = 1 then « is clearly regular by [9, Theorem 2.2(1), p.1016].

Note that
o= e
al

(%)

Let 2 € A;. Define 8 by
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Then B8 € OCT,, and o = afa.
If h(a) = 2 then a = Ar Az

ar as
and Ay, and the fact that A; U Ay = X,,. Moreover, ag = a; + 1 by Lemma 2.3. Thus

where minAg — maxzA; = 1 by the convexity of Ay

minds —mazAy =1=a9 — a1 = mazA; — a1 = mindy — a

and so « is regular by [9, Theorem 2.2(2), p.1017].

(ii) The direct half follows from [9, Theorem 2.2(3), p.1017]. If h(«) > 2, then « is regular
if and only if minA, — ap = dand A; = {a; + d}, i € [2,p — 1].

Suppose that « is regular. Then there exists 8 € OCT,, such that o = afa. Thus, for any
i,7 € [1,p], a; = Aja = (A;ja)fa = (aif)a a; = Ajo = (Aja)Bo = (ajfB)a, and so

(3.1) a;B € A, ajﬁ € AJ.

Take any 4,7 € [1,p] with ¢ < j. Note that a; < aj, A; < A; and by equation (3.1). Since
a, f € OCT,, we have

a;i—a; = |aj—ai=|Aja— Al

|(minAdj)a — (mazA;)a|
|minAj; — mazA;| = minA; — mazA;
a;f} — aif = |a;8 — aif|

la; — a;| = aj — a;.

IA A A

Thus

aj — a; = minA; —mazd;, + < j, 1,5 € [1,p],
and so
(3.2) minA; —a; = mazA; —a;, 1 <3, i,7 € [1,p)].

Clearly, minA, — a, = mazA; — a1 = d. By by equation (3.2), we have
mind, — ap = maxA; — a;, mind; —a; = maxrA; —ay, 1 € 2,p—1].

Thus mazA; — a; = minA; — a;(= d) and so mazA; = mind; = a; + d. It follows that
A; = {CL,’ +d}.

Conversely, suppose that minA, — a, = d and A; = {a; + d} where i € [2,p — 1]. Define
by

B= i 2 p—1 ap
mazAy as+d -+ ap-1+d minA, |’
Then 8 € OCT,, and o = afc. Define S by
a; 8 = mazxA;, ap3 = mitnAy,
a;f =mazA;+d, if(2<i<p-1),
B = : O
xﬁ:ai’ 1f1’<a1,

UB = Qp, ifz > Qp.
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Example 3.3. For any two elements in OCT,, with the same rank (ifp > 3). Then o, 8
are called same kernel- type denoted by aKerf :

a (B @ BB o (02 @ 43 (023 1 G,

Solution. For aKerf, we have 1 — 2= -1 =dand3 —4 = —1 = d, then
Ay ={3+d} ={3+(-1)} ={2}

or
Ay ={2-d}={2-(-1)} = {3}

Also for Kery, we have

2—-3=-1=d=4-5= -1, then

By={4+d}={4+(-1)}={4-1)}={3}

Co={3-d}={3- (-1} = (3+1} = {4}.

Example 3.4. For any two elements in OCT,, with the same rank foralli,j € [1,p].
Then «, B are called same image-type denoted almp.

(0 ) o (09 03 ) (039 9 0

Solution. For almf, where |a; — a;j| = |b; — b;j| foralli,j € [1,p], we have

|1 —2|=1land|2 - 3| =1,
also,

|2-3]=1and|3 —4|=1.
Similarly, for S1my, we have

2-3|=1and|3—4| =1,
also,
|I3—4|=1and|4-5| =1

Theorem 3.5. Let o, € OCT, be regular elements with ima = im B (Jim o > 2).

Then o Ker 3.
Proof.
i = A1 A2 AP /B: Bl 82 Bp
" al a2 s 0e ap ) a’l a2 P ap )
wherea; < ag < -+ < ap, A1 < Ay <+ < Ap, By < By < -+ < By. Let dy = mazA1—ay,
do = maxBi — a1 and d = max A1 — maxBi. Then d = dy — ds.

Since «, B are regular, by Theorem 3.2, we have

mindp, — ap = mazr Ay — a1 = d1, minB, — ay = maxrB; — a1 = da,




Regularity in Semigroups of Order-Preserving Full Contraction Mappings 7

Aiz{ai+d1}, B¢={ai+d2}, i€[2,p—1] (prZB)

It follows that
minA, — minBp = mazA; — maxr B, = d,
Aj={a; +dy+d}=B;+d, i€2,p—1] (if p>3).

Hence aKerf € OCT . O

Conclusions: In conclusion, the reasearch work investigated the algebraic structure of
OCT, just as the same as the results in [9]. With these results, we conclude that OCT,
is not regular for n > 4, that is, for each element a, there exists an element x such that
azxa # a. An example is given below.

Let
1 2,3 4
o= (W 8 ) corr,

Then by Theorem 3.2(2), « is not regular in OCT,..
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