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-

A regular Sernigroup is a sernigroup ,g in which every elerrrent is
regular', that is, for each eleme.t a, the,e exists a, elernerrt r s,ch
that o,na,: o, while a Contraction map isl ra*ya l<l n:-g l. Let
X, be the full symmetric semigroup on X,, : {1,2,. . " , n}. Let aiso
O,, : {d e T* : (Vr,y e X.)r <.A :-+ ra I ya or ra } r1a)
and CT- = {o € T, : (Yr,1t € X,) l, - A l), ra * ya }
Then CT. and OCT. be its subsemigroups of contrac-
tion and order-preserving full contractions of Xr" This
paper investigates the regularity of the subsemigroup,
CCT. and found thal OCT. is not a regular semigroup.

1. IrurnonucrroN

The futl transformation semigroup ft.on a set X, the semigroup analogue of thc syrnmetric
group ,S;, has been much studied over the last seventy years, in both the finite ancl the
infinite cases, please see [?, :],4,7, 

"r] 
but the contraction semigroup cases have just come

onboard in the last ten years, see also [1,5, fi, 1}] . Regular semigroups were introduced
by Green's, [2], in his influential 1g51 paper "on the structure oi semigroups,,; this was
also the paper in which the popular Green's relations were introduced. The concept of
regularity in a semigrolrp was adopted from an analogous condition for rings. It was
his study of regular semigroups which led Green to deflne his celebrated the flve Greens
equivalent relal,ions.
Let x":{1,2,...,n}" Then a (partial) transformation a:Doma C x.,, -+ Ima is saicl to
be full if Doms: Xni otherwise it is called stricly partial and a mapping i1 Z, is called
order preseruing if., for all r,y in {I,2, . . " ,n},

x1y+rolya
and a, contraction. if
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2 A. D. Adeshola

for all r)A in {1,2, " . .,n}" For undefined terms in semigroup theory, see [;i. l]"
The methods employed in carrying out this research work were that the elemerrts in the
subsemigroup OCT,, were listed" The elements by their heights were arranged, rvithin
each height-cIa,ss by their ranks as well a,s thcir images-type and kernel-typc. From these

arrangemenls, min and mar were formed, the patterns of the arrangeme[t were studied
and results r'vere deduced in each case through the principle of regularity definition"

2" PnnlrurNARrES

This research work breaks into four sections. In the fi.rst section, the background to
the study and a general introduction is given as well as the research methodology used in
carrying out the research work were discussed, while section 2 deais with some preliminary
results and algebraic structures of OCT, were studied, also in section 3, regularity and
research results were intensively investigated and presented, and fina11y, section 4, a general
summary and conclusion were d.rawn.
Let

o:(o'A2 
")' 

B:(Pt 82 B'\
\o, &2 "n)'':\0, b2 b;)'

For any two elements in (9CTn with the same rank. Let
d, : mafrAr - marB1. lf mi,nA, - mi,nBr: d and

(2.1) At: Bt.*dorBt: A.i- d,i e l2,p-l)(i,f p> 3),

then cv,B are called same kernel- type denoted bv aKerB.
Also let

u:(o'Az 
")' 

B:(l'82 ?'\'
\o, ct2 ,p)' - \b, bz bo)'

for any two elements in OCT, with the same rank. If
(2.2) lot - oil: lbt. - bil f or alli,, j e [1,p],

then o, p are calied same image-type denoted alnyp.
Let

(2.3) On: {a e 7,,: (Y*,a e Xn)r 1y a ra I ya or ra ) yal
be the subsemigrorp of T, consiiting of all order-preseru'ing full transformations of Xn,
and also, let

(2.4) CTn: {*e T,: (Yr,y 4 X,,) l*-yl>-l**-Aol)
be the subsemigroup of 7" consisting of all full contract'ions of Xn.
Also, two functions are C-related if and only if they have the same image, R-related if
and only if for r and 3l in the set X,r; such functions are in the sarn:e table row(kernel).
Sirnilarly, two functions are 2-related if arrd only if their irnage sets have the sarne size"

Then we have the following lemmas:

Lemma 2.1,. The set of all contract'ion mapp'ings CTn of an n-cha'in 'is a sem'igroup.

Proof , We are to show that the set of CTn is (i) Closed (ii) Associative.
(i) Closure: Leta,0e CT". Thenlz-al>lra-yal and jr-al>WA-a01. [Goal: to

J
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show that l, - yl > l"@0) - a@p)l"l
Now

l*@0) * a@0)l : l@")fi - (u*)01

Hence, aB e CTn"
(ii) Associativity and identity are inherited. n

Lemma 2.2. Let a e CTn be such that fla) = m. ThenF(a) : {i,d+1,..., i' * m - 1}"

Equi.ualentlA, F (a) 'is conuer.

Proof. Observe that it is sufficient to show that any point between two fixed points (of
a e CTrr) must also be a fixed point. Let r,y e F(a). Then ra : :u ard Aa : y" Suppose

aiso without loss of generality n < n' < y for some r' e Xn. Note that if rt s. : r, there is
nothing to prove. Thus we consider tr,vo cases: (i) r' > r'a; (ii) zr < rta. In the former,
we have

I A - *' l:l y, - r' l: Aa - :Lt < Aa - r' a :l ya - r' a 
I

which implies that a is not a contraction. Hence we get a contradiction. In the latter, we

have

I *' - * l:l r' - ral: :L' - fru I rta- rcx :l r'a * ral
which implies that a is not a contraction. Ilence we get a contradiction. Thus, the proof
is complete" tr

Lemma 2.3. Let a e CTn be such that h(a) - p. Then'irna: {i,i+7,...,i,+p-1}.
Equiualently, ima is conuer.

Proof. (By contradiction) Suppose that i,ma is not convex. Then there exist r, z € i,ma
with z < a < z for some U e Xn \irn a. Let (y - 1] and [u+ t; the lower and upper
saturations of y- l and y*7, respectively. Notice thatr e (y- 1] and z e ly+7).
N4oreover, (a-l)"-'*X"* [s+1)o-1 but (y-1]o-tu[y+1)a-t - Xn.If (y-1]a-1
is convex then since (y - 1]o-1 f Xn there exist either
(i) t€ (y-11*-t andt*Ie ly*1)a-1; or
(ii) i e (y - 1lo-t and t - 1.ly * 1)a-1.
Case (i): it is clear that ta I A -1 and (lt 1)a > a *1 so that

2 < (t+ 1)a -ta:l (t+t)a *t*l<l (t+ t) - f l: 1,

which is a contradiction. Case (ii): it is clear that ta < y - 7 and (l - 1)* > y -l 1 so that

2 < (t- 1)* -tcv :l (t- 1)a -tulal (r- 1) - I l: t,

which is another contradiction. On the other hand if (A - l1*-r is not convex then there
exists f e (a* 1]a-1 and either t+1€ lU+l)a-r or t- T alA*1)a-1.Inthe former, we

see that ta 1 y- 1 and (t+ 1)a ) a *1. Thus,

2< (t+1)a _ trv:l (i+r)a -t*l<l (t+ r) -f l:1,
whichis acontradiction. In the latter, wesee thattrl<y-7 and (i-1)o > y*1. Thus,

2 < (t- 1)o -ta :l (t- t)a -t*l<l (r- 1) -l l: 1,

Iwhich is another contradiction. Hence, the proof is complete.,t\i



4 A. D. Adeshoia

Lemma 2.4. Let, a, P € CICTn. If h(a) : h(0) then a and B haue the same'imagetype (a Im p)

Proof. Sincelrnaisconvexforall ae OCTn,byLemma2.3itfollowsthat loo-o*rl:
I f or atlz e {1, 2, . " . ,p - 1}" Hence, the proof is complete" tr

Lemma 2.5. Let a,P e OCT,, be such that h(a): 1 : h'(p), Then a and 13 haue the

same kerneltype(a Ker P).

3. RBcur,eR SENTIGRoUPS

A regular semigroup is a semigroup ,9 in which every element is reguiar, i.e., for each

element o,, there exists an element r such that ara: o and are one of the most-studied
classes of semigroups, and their structure'is particularly amenable to study via Green's
relations.
Some years back, [9] initiated the algebraic study of semigroups of Order-preserving partial
Contractions of an n-chain, where they referred to Contracti,ons as Compress'ions.

Lemma 3,1. Let (t e CT.L be such that h(a) : p > 3. Then

A1 A2
al o,2

t,s reguLa'r if anr)" oniy if LT(a) orUT(ct) (Lower a'r l-i'pper Transuer',so,l) i's r:orLr:ct:.

Proof" Suppose LT\a,\ is corrvex. lVi,th,ou,tl,ooseof gen,e'ra,Li,tt1: {'r, i -r- 1,'"' , 'p + i. - L} :
LT(a) rvhere 1( r ( rt*p11 ancl observe that i+ i _ le A1. Defiue,,r'bv

Q,jcr. :1*: - i(.i: 1,2,"^ ,I;)

| ;. i[ "r < .ii,\r'f ur)'ro:t p-rt-1. i[.r)tr1.
Also for oor or : c[

(Tycv)a'a : lara')c,
: (.irj-7)a

1-.
11 iLl

: ?)o.

I
In the followirrg theorern, ,,r,e give a cirtu'acterisatiort of regulal elcruettt it OCT,r: On.)
L1,,"

Theorerrr 3.2. Let a € Ono.nd,CTn be as defined irt, eqttl.|ions (:!.:l) artd (,t.]) respecti,ucl:y

a,n,rl l,et a € OCT,, : On. )CT,,"
(i) If h(a) 12 then a i,s regular.
(ii) If lr(") > 2 th,ert u i,s reg'ul,ur''if uri orr.ly'if rrrirtA, - &t,: d. urtrJ A,: {.u,.; -l d}.

Froof. Let (i) If h(a) : 1 tlien cr is clea.rly regular b5. ilr, Tlreorern 2"2(1). p.1016].

Note that

Lr!'

(!: (
Ap
ap )

f\
lr

": (fi )

,: (? )
Let r €,41. Deflne B b5,
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Tlren 6 € OCT* and cr :c-13(\.

If h(a) : 2 then " 
: ( :' 

A' 
),rir"r L,'ntinA2 - ntanAr: l b.v the ccinvexit-v of Ar

\" Q2)
and A2, and tire fact that A1 l-t A2 - Xn. N{orcor,cr, a2: a7 + i by Lemn-ia Lil. Thus

m,zn,A2 -'marA1 : 1 : a2 - a7 "> rtrL,rAl - C1'1 : rrt1in'A2 - a2

aud so a is reguiar by llr, Theorem 2"2(2), p"10171.

(ii) The rlirect half follorvs fi'om [1], Tireorern').2(3), p.I017]. If h(o) ] 2, thelr a is regular-

if and only if minA, - ap: dand At: {ai + d}, z e i2,p - 1]1.

Srrppose that a is regular" Then there exists 6 e OCT" such that a: o.!3a. Thus, for am-

i,3 e 11,'p), a;,: Ai.a: lAia)pa: (ct1.{3)a {t5: Aia: (Aia){3o-: ict,1l')a, and sc,

(3 1) olp Q A;, a1i3 e A,.

Take any i, j e ll,p] with i < j. Note that n; { ai, Ai < A, ancl b1'ecluation (i}.1). Since

a,Be(SCT,,ldrehave

aj - [Lt :',a,J - a,j : lAro - A,i,ri

: l(m;inA,)a. - (rno,rA;)crl

S oi3-o,.J: ojJ-rr;.)l

Thus

{Ij - a,i, : m,i,n,Aj - rn,a,rA;." i < i, 'i,; e i1. t,]"

and so

(3.2) minAi - rtj: m,arAi- ai., i < j, i,-r e i1,fl

Clearl;,, rrtinA, - ap: mctrAy - QL : d. By b"v ecllatiotl (l).2), rve liave

mi,nAr- ap: marAa- a6, m'inAi- ai: marAl- a1.1 i e 12,p - 7l

Thus mcrrAd - cli : rninAi - on(: d) and so rnarAi: rtLi;n,At. - ai* d. It iollou's that
A;: {ai + d}"
Conversel./, suppose lhalnt'inAr-o,r,: d and A;: {.,r;+ d} rvl-iere i e l2,p- lj.Dr'lirr" 7i

b;,

..-.ty

Dlr: (
a'L a2

mctrAl az I d
A'p-7 o'p

ao-t * d mi,nA, )

Then B e OCT," and o : aBcv. Define B by
( oop : marAi, op7 : m'inAp,

^ I at7:marAt*c1,, it(2<i,<P-l),
l, 

- 
\' I rA:ai, ifrr<-a1,
la,0:or, ifr)ao.

L_l
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\_
\i.

L.$

Example 3"3" For any two elements in OCT, with the same rank (if p > 3). Then a, p

are called same kernel- type denoted by a$erF :

": (,1, {3} t3,1,5} 
), o: (,'ir, {;} ,nit, 

), ?: ({1,?,3} {;} ,3,)

Solution. For al{erl3, we have I - 2 : -1 : d,and3 - 4: *l: d, then

A2: {3 + d} : {3 + (-1)} : {2}
or

A2 - {2 - Ll) : {2 - i-t)} - {3J
Also for Bllsrt. q,e ha,ve

2-3--l:,1 :l- 5 --l"tircr,
82: {4 + d} : {+ + (-1)} : {4 1)} : {3}

{)r

C2: {3 * d}: {3 - (-1)} : {3 + 1} : {4}.

Example 3"4. For any two elements in OCT. with the same rank f oralLi,,j e i7,pl.
Then a, p are called same 'irnage-type detoted a!A/.

t-L 
- ( {1} {2} {3,4,5}

1.),LLJ ),,r: ( tr;r, {l* t*nt, 
), r: ( {1,2,3}

J
{4} {5}
45 )

Solution" For aln'tB, whcrc la,i - a.il : lb; - b.1l f'or ull r,. j € i1,p], nc irlvc

lr ,)l -lutt,j l2_31 :1"
also,

i2-31 :Londl3-41 :1.
Similarlv, for 13Im^1, rve have

t2-3 : Iandl3 -4i - I.

also.

13-l] :Iutttl,{- 5l :1'
Theorern 3.5. I'et o,0 e OCT. be regrt,l,ct,r el,em,en,ts tu'ith 'i,nto: : i.rn,B(i.nt,-vl > 'l).
Thert aKerp.
Proof.

B,P

a,p

d2 : marBT - at and d : marAt - marB1. Then d : ch - dz.

Since a, p are regular, by Theorem ii.2, we have

mi,nAo - ap: marAl - Q'7: d,1, minByt - ap: m,a;181 - al : d2,

)
Ae
0,p

D
1r

/A, A,
ty: I

\ot a2

/nnI Dt Ii2
\,,a, )

,h\
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Ai: {ai a dt}, Ba: {aa 4 dz), i, e l2,p - 1l (i,f p > 3).

It follows that
minA, - mi,nBo: mafrAt - qyafrBt: d1

A; : {ai * dz + d} : B,i + d, i e l2,p - 1) (i.f p > 3)

Hence aKer? e OCT.. tr

Conclusions: In conclusion, the reasearch work investigated the algebraic structure of
OCT*just as the same as the results in l!l]. With these results, we conclude that OCT"
is not regular for n ) 4, that is, for each element a, there exists an element r such that
ara / n. An example is given below.
Tr
LEI,

7

, : (,i, {2;3}'X, 
) . ocr,,

Then b,y Theorem 3.2(2), a is not regular in OCT"..

Acknowledgement: The authors are grateful to Kwara State University for the supports
they received during the compilation of this work"

Competing interests: The manuscript was read and approved by the author. Ife there-
fore cieclare that there is no conflicts of inLeresi"

Funding: The Author received no financial support for the research, authorship, and/or
pubiication of this article"

RpppRnwcps

[1] Aorsnol,,r A. D. & Unen A. (2018). Combinatorial Results for Certain Semigroups of Order-
Preserving Full Contraction Mappings of a Finite Chain. Journal of Combinatorio"l Matltematics a'nd

C ombi,natori,al C omputing " 106, 37-49,

[2] Gn.nnrv J" A. (1951). On the Structure of Semigroups. Ann. of Math. 54, L63-772.

[3] Howre J. N4" (1995). Fundamentals of semi,group theory. Oxford: Clarendon Press.

i4] Hounu J" \4" (2006). Sem,igroups of Mappings: Techn'ical report seri.es. King Fahd Univcrsity of
Petroleum and Minerals, Dhahran, Saudi Arabia.

[5] Ienenurl G. R., Leru.l O. J., AxtNwuur S. A., G.trre N. B. & Aupsuol.q A" D. (2022). Some

Combinatorial Results on Star-Like Transformation Semigroups. N'igert.an JournaL of Mathematics
and Appli,cati.ons. 32, 56-67.

[6] IunennvrG"R., Ir,rnr,iA.T.,AppsHolaA.D.&GerreG.N.(2019).OnsorneAlgebraicProperties
of Order-Preserving Full Contr.action T}ansforrnatiott. .Iou'rnal of Serni,grou'p Tlteo'r'y Appl.2O19:2"

[7] Por H. S" (2005). Regularity an<l Green's relatiorrs for sernigroups of transforrnatiorrs t]rat preserve

an equivalence" Comm. Algebro,.33 (1), 109-118.

[8] SuN L., Fnr H. S. & Cnnuc Z. X. (2007). Regularity and Green's relations for semigroups of
transformations preserving orientation and an equivalence. Se'nti,oroup Forum.74, (3),473-486.

[9] ZH,to P. & YeNc M. (2012). Regularity and Green's reiations on Semigroups of transformations
preserving order and compression. BulL Korean Math. Soc.49, 1015-1025.


