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ON THE EXISTENCE OF FIXED POINTS VIA CONDENSED
REICH-RUS-CIRIC-TYPE CONTRACTIONS

OLALEKAN TAOFEEK WAHAB!* IDAYAT FOLUKE USAMOT? and KAMILUDEEN
ROTIMI TIJANT?

ABSTRACT. Many research papers have recently studied the interpolation tech-
nique of contractive-type maps to examine the existence of nonlinear operators
that do not require unique fixed points. In this article, we introduce a notion of
condensed Reich-Rus-Cirié-type (CRRC) contraction to examine the existence
of operators that require both unique and non-unique fixed points. By con-
densing the CRRC map, we establish and prove some fixed point theorems in
standard metric spaces. An illustrative example is considered to show that the
new CRRC-type map exhibits contracting behaviors when others do not. The
study concludes that the new CRRC-type map improves and includes many
known Reich—RuS—Cirié—type maps in the literature.

Keywords. Fixed point, Reich—Rus—Ciric’—type contraction, condensed Reich-
Rus-Cirié-type map, metric spaces
2020 Mathematics Subject Classification. Primary 47H10; Secondary 54H25

1. INTRODUCTION AND PRELIMINARIES

Since the Banach principle [2] became a fundamental statement that serves as
a benchmark in the classical fixed point theory, many mathematical authors have
explored the applicability of the principle in different types of spaces and have
deployed its modified versions to solve specific problems in applied science and
engineering.

[1]

Theorem 1.1. [2] Let (2, p) be a complete metric space and ® : = — = be a

Banach contraction mapping
p(Pv, dw) < ap(v,w) (1.1)
fora €10,1) and v,w € Z. Then, ® has a unique fized point.

One of the earliest modified versions of inequality (1.1) is the Kannan con-
traction [6]. Kannan introduced a class of mappings that are not necessarily
continuous to prove the following theorem.
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Theorem 1.2. [0] Let (2, p) be a complete metric space and ® : = — Z be a
Kannan mapping
p(Pv, dw) < ap(v, Pv) + p(w, Pw)] (1.2)

for a €0, %) and v,w € Z. Then, ® has a unique fized point.

Another independent fixed point theorem, which harmonized both Banach and
Kannan results, was stated as follows:

Theorem 1.3. [10] Let (£, p) be a complete metric space. If a self-map ® : = — =
satisfies
p(B0,8w) < b[p(1,w) + p(v, B0) + ple, D) (13)
1

forbe[0,3) and v,w € Z. Then, ® has a unique fized point.

We note that condition (1.3) is a Reich-Rus-Ciri¢ contraction since Theorem 1.3
was proved independently by the trio. In 2018, Karapinar [7] defined the notion
of interpolative Kannan-type contraction by modifying the Kannan contraction
(1.2) as follows:

Definition 1.4. [7] Let (Z, p) be a metric space. A map ¢ : = — = is called an
interpolative Kannan-type contraction if there exist o € (0,1) and p € [0, 1) such
that

p(Pv, dw) < pp(v, dv)°* p(w, Pw)’ (1.4)

for all v,w € =.

Any mapping ® satisfying (1.4) has a unique fixed point in =. However, authors
in [%] noted that only the map ® satisfying (1.4) such that v,w € =\ Fiz(®)
has a unique fixed point. Since then, numerous researchers have deployed several
interpolative-type techniques to study the existence properties of non-unique fixed
point problems; see [1, 1, 9, 5 13]. Also in [8], the authors introduced the notion
of interpolative Reich-Rus-Ciri¢ type (IRRC) condition in partial and standard
metric spaces. Their result, in a standard metric space, is presented as follows:

Theorem 1.5. [3] Let (Z,p) be a complete metric space. If for all v,w € =\
Fix(®), a self-map ® : = — = satisfies

p(Pv, dw) < dp(v,w)” p(v, @U)ﬁp(w,q)w) (1.5)

where a, B € (0,1) with a4+ <1 and d € [0,1). Then, ® possesses a fized point
m =,

l1—a—p

See also [1, 4, 9, 11] for other versions of Theorem 1.5. Recently, in [12, 13],

the authors introduced the notion of Kannan-type contraction by condensation
and developed a technique for determining the suitable exponent to approximate
fixed point problems.
Despite the improvement in Ref. [1, 1, 9, 11], we observe through experimentation
that there are several mappings (continuous or not) that do not satisfy the IRRC
(1.5) for some parametric exponents «, 3. Therefore, this study aims to introduce
a more robust RRC-type condition that ensures both unique and non-unique
fixed points, and to prove existence theorems for nonlinear operators in standard
spaces. We shall adopt the following lemmas in the sequel.
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Lemma 1.6. [3] Let 0, ¢, T be three non-negative real numbers, then following

holds
(c+s+7)° >0+ +7° + 24067

Lemma 1.7. A sequence v, in (Z, p) will be called a Cauchy sequence if for each
m € N, we have
lim p(vyim,vn) =0, VneN.

n—oo
2. MAIN RESULTS

This section introduces and proves the concept of Condensed Reich-Rus-Cirié-
type (CRRC) contraction in complete metric spaces.

Definition 2.1. Let (=, p) be a metric space. A self-mapping ® on = is called
a CRRC-type contraction if there exist A € [0, %), p € [0,1), and positive real
numbers «, f with a 4+ 8 < 1 such that
> pup(v,w)* p(v, Pv)’ p(w, Pw)' =7 (CRRC1)
p(dv, dw) (2.1)
<\ [p(v,w)* + p(v, 20)¥ + p(w, Pw)* =] (CRRC2)
for all v,w € E\ Fix(®).
The following set of assumptions (to be justified in the sequel) is made from
Definition 2.1.

i. The terms p(Pv, dw), CRRC1, and CRRC2 do not overlap, and gaps in
between demonstrate the flexibility allowed by the parameters A, u, «, S.
ii. The distance map p(®Pv, Pw) lies between CRRC1 and CRRC2.
iii. If CRRC1 and CRRC2 define a region where p(®v, dw) must lie, the map
® possesses a fixed point.

The following theorem is one of the results of this study.
Theorem 2.2. Let (2, p) be a complete metric space and ® : = — = be a CRRC-
type contraction for A € (0,%), p € (0,1), and o, B € (0,1) such that o+ < 1.
Then, ® has a unique fized point in =.
Proof. For a generic point vy € =\ Fix(®) and sequence {v,} C =\ Fix(®),
define v, = Pv, for each non-negative integer n. If there exists ng such that
Upy = Ung+1, then vy, is a fixed point of . This completes the proof. Assume
that v,, # v,41 for each n > 0. By using Lemma 1.6 and letting v = v,,_1, w = v,
in (CRRC2) of (2.1), we have

P(Un, Un—i—l) = P(‘I)Un—ly (I)Un)

S A [p(Un—h Un>3a + p(Un—h CI)Un—l)gﬁ + P(Un; (I)Un)g(l_a_ﬁ)}

B )\ [p(vnil’ Un)ga + p(vnfl’ Un)gﬁ _'_ p(vn7 Un + 1)3(170[7/8)}
3
S A { [p(vn_h Un)a + p(UTl—la UU)B + p(Un7 Un-i—l)(l_a_ﬁ)]

)aJﬁBp(Um UnJrl)(liai/B)} (2.2)

—24p(vp_1, Uy
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More so from (CRRC1) of (2.1), we obtain

P(Un, Uny1) 2> pp(Un-1, Un)a—wp(vna Un—i—l)(l_a_ﬂ) (2.3)

By combining (2.2) and (2.3) using u = 3\ € (0, 1), we have

a+f (I—a—p)

27,0(1}”_1,1}”) p(Un, Un+1)

a3
S (P(Un—h Un>a + P(Un—lu Un)lg + P(Um Un—l—l)(l B))

This further becomes

atfB (1—a=pB)
p(Un—lavn) 3 p(Unvvn-l—l) 3

< P(Un_1,0n)* + p(Un_1,0n)" + p(Un; Vpy1) 7>
- 3

We deduce three inequalities from (2.4) as follows:

I. For all o, 8 € (0,1), if

(2.4)

P(Vn=1,0)* + p(Un=1,0n)" + p(Vn; V1))
3

S IE%X {P(Un—h Un)aa p(Un—la Un)ﬂa p(Una Un—i—l)

Wm0 = p(vn-1,00)%,

we have, by transitivity, that

a+8 (1—a—pB)
p(Un—lavn) 3 p(Unyvn—i—l) 3 Sp(vn—bvn)a

which further gives

P(Un; 1) ™77 < p(vmy, vn) 7 (2.5)

IL If p(vn—1,vn)? = max {p(vn_1,05)% p(Un-1,02)?, p(Un, Uny1) 17>}, we have
from inequality (2.4) that

P(Un; 1) ™77 < p(vpoy, vn) 0 (2.6)

III AISO, lf p(Un—l; Un>1_a_ﬁ = max {p('Un,I, Un)a7 p(Unflu UTL)B7 p(Unu Un+1)(1_a_ﬁ)}7
then

p(0n—1,02) M < p(vn, 002770, (2.7)
By multiplying both inequalities (2.5) and (2.6), we get

PO, V)7 < plog,0) (2.8)
Here, both inequalities (2.7) and (2.8) give

PV, V1)) = p( oy, 0) (2.9)

By adopting the relations (2.5)-(2.9) in inequality (2.3) and multiplying both
sides by p(Un, Uni1)' "7, we obtain the following:
P(Un, Ung1)? %77 <N [p(Un-1, Un)** (U, Up1) 77

+ p(On1,00) % PV, V1)1 4 p(0n, Uy )OO

(2.10)
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This further reduces to

P(Uns Uns1)? 7 < N (U1, 0)* p(Un -1, 00) P P01, 0) (001, 0)
+p(Un-1, Un)Q(a+6)]
= A [P(’Un—l, Un)2(a+6) + p(Vn-1, Un)Q(aJrB) + p(vn-1, Un)Z(aw)}
= 3Ap(Un—1, 1) = pp(v1, 0,) 2P,
Since o 4+ 8 < 1, this last inequality gives
p(Vn )* 77 < pp(—, 0) "
By applying equality (2.9), this further gives
P(Un; Ung1) < pp(Un—1,0n). (2.11)
By induction, inequality (2.11) becomes
P(Un; Unt1) < p"p(vo, v1) (2.12)
If p(vg,v1) = 0, then v,, = v, 41 for each n = 0,1,2,.... Thus, the proof is over.

Now, let v,, # vy for all distinct n,k € N. Set k = n +m for m > 1, then by
hypothesis on Z,

p(Um Un—i—m) S P(Um Un+1) + P(Un+1> Un-i—m)

S p(Um Un+1) + p(Un+17 Un+2) + -+ p(Un+m—17 Un—f—m)

m—

—_

P(Un+z‘, Un+i+1)
0

m—1

i

/~Ln+iP(U0 » U1 )

IN

=0
Since d(po, p1) # 0, 1 < 1, and taking limit as n, m — oo across the last inequality,
we have

lim p(vn, Upym) = 0.
n—o0

Hence, {v,} is a Cauchy sequence. By completeness of =, {v,} converges to a
limit v* (say) in =, that is,
lim v,, = v*.
n—oo
Assume, on contrary, that v* is not a fixed point of ®, we use the hypothesis on
= to get
p(v*, ®v*) < p(v™, Unta) + p(Uns, PU7). (2.13)
By condition (2.1), we have that
p(0nsr, BU%) = p(v,, B07)
<A [p(Vn, ) + p(vn, Pvn) ¥ + p(v*, Dv*)PmeA)]

— A [p(0n, 0 + p(v, Un31)* + pl(v, D7) =D)]
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By adopting this last inequality into (2.13) and taking limit as n — oo, we obtain
p(v*, @0%) < p(v", Upan) + Ap(v*, vt

1
= p(U*,(I)/U*>3(a+ﬂ)_2 < )\ < 5’

which is a contradiction since a4+ 8 < 1. Hence, v* = ®v*.
Finally, assume that v* and w* are two distinct fixed points of ®, then

p(v*,w*) = p(Pv*, dw*)
<A [p(v*, @) 4 pl(v, @)+ plw”, dur) )]

— Ap(v*, W)
That is,

p(v*,w*) <A< %
This leads to a contradiction. Thus, v* = w*. Il

The following corollary is strictly included in Theorem 2.2.

Corollary 2.3. Let (Z,p) be a complete metric space and ® : = — = is a map
satisfying

> p/plv,w)p(v, Pv)p(w, Pw)

p(Pv, dw)
< Mplv,w) + (o, B0) + ple, Bw)]

where A € (0,3), p € (0,1), for v,w € Z\ Fie(®). Then, ® has a unique fived
point in =.
Proof. On putting a = 8 = %, the proof follows from Theorem 2.2. O

Remark 2.4. (i) The result of Corollary 2.3 is a unification of both RRC map [10]
and IRRC-type map [7].

(ii) If =\ Fix(®) is replaced with = in Theorem 2.2, the following theorem would
be suitable to solve both unique and non-unique fixed point problems.

Theorem 2.5. Let (Z,p) be a complete metric space and ® : = — = be a map
satisfying

p(Pv, Pw) < A [p(v, w)** + p(v, Pv)* + p(w, Pw)* =] (2.14)

for allv,w € =, X € (0, %), and o, f € (0,1) such that o+ < 1. Then, ® has a
unique fized point in =.

Proof. Let vy € Z be a generic point and sequence {v,} C Z, define v, 1 = duv,
for n > 0. Let v, # Up11, UV =v,_1, and w = v, in (2.14), then

p(“m Un+1) = p((bvnfla (I)Un)
S A [p(vn—la Un)ga + p(Un—la (DUn—l)?’B + P(Un, (bvn)?)(l_a_ﬁ)}
=\ [,o(vn_l, Un)** 4 p(Un_1,0n)* + p(vn, Un+1)3(1_a_5)} (2.15)

[p(vn—h Un)3a + p(Un—l, Un)gﬁ + p(Un, Un+1)3(17a7,8)}
3

=K
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where kK = 3\ < 1. By taking the maximum of the left side of inequality (2.15)
as p(Un_1,0,)>%, p(Vn_1,v,)%, and p(vn, vpy1)*=9 we obtain the following

three inequalities, respectively,

P(Un, Ung1) < p(Un_1,v5)%, (2.16)
,0<Um Un+1) S /?,O(Unfla 'Un)3187 (217)
and
P(Un; Vny1) < ﬁp(UmUnJrl)g(liaiB)- (2.18)
By multiplying inequalities (2.16) - (2.18), we have
p(Un, Un+1)3 < KSP(Unflv Un)g(a+6)p(vna Un+1)3(1_a_ﬁ)' (2.19)
This further implies that
1
P(Uns Ung1) < KaF8 p(Up_1, Uy).
Inductively, we have
— y+1
P(Un, Upi1) H p(vo, v1) (2.20)
=0
Obviously v, = wv,41, for each n = 0,1,2,..., if p(vo,v;) = 0. Assume that

v, # vy for all distinct n, k € N. Set & = n + m for m > 1, then by hypothesis

on =,

p(Um Un—l-m) < p(Um Un+1) + /)<Un+17 Un+m)

< p(Una Un+1> + p<vn+1> Un+2) +eee p(vn,erl, 'Un+m>

3

I
Nk

/0<Un+ia Un+i+1)

[y

1

n+i— j
a+5)
H K Uo, Ul)

Jj=0

3

IN
O

Since d(po,p1) # 0, o+ 5 < 1, and k < 1, then

lim p(vn, Unam) = 0, as n,m — o0
n—o0

Therefore, {v,} is a Cauchy sequence. The rest of the proof is a routine.

O

Corollary 2.6. Let (Z,p) be a complete metric space and ® : = — = be a RRC-

type contraction

p(Qv, Pw) < Ap(v,w) + p(v, Pv) + p(w, Pw)]

where \ € (0, %) for v,w € Z. Then, ® has a unique fixed point in =.

Proof. The proof is immediate if « = 3 = % in Theorem 2.5.
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We demonstrate the fulfillment of Theorems 2.2 and 2.5 using the following ex-
ample.

Example 2.7. Let = = {x1, 29,73, 74} and p : 22 — RT be the metric function
given for all (v,w) € Z% in Table 1. Also, let ® : = — = be the self-map

TABLE 1. Metric function p

p(v,w) T T T3 T4
T 0 2 3 6
T 2 0 1 4
T3 3 1 0 3
T4 6 4 3 0

_foxy ifve{m,m, x4}
(I)U_{ zy if v € {3}

In this example, we note that the pair (2, p) is a metric space. More so, by
defining a sequence {v,} C (E,p) as

fﬂllfnSQ,
Uy, = To if 2 <n <6,
x4 if n > 6.

Let U C (Z, p) be a topology of {v,}, then {v,} is a Cauchy sequence since for
every m,n € N with m > n, there exists u,, € U, that is, p(v,,v,) — 0 as
m,n — o0o. Furthermore, lim,, o, p(v,, z4) — 0 as n — oo.

Next, for any v,w € E\Fiz(®P), we select « = 0.25, § = 0.55, p = 0.8 and
A = 0.26, then p(Pv, Pw) lies between CRRC1 and CRRC2. Therefore,  satisfies
the hypotheses of Theorem 2.2 with fixed point x;.

Moreover, ® fulfills the conditions of Theorem 2.5 for all v,w € =.

On the other hand, the map ® does not satisfy the IRRC-type map, that is, by
selecting v = x3 and w = x4,

p(Px3, Py) = p(x2, 1)
=2
> 1.5066

l1—a—f

4 .
~ gp(xs,m) p(x,2) plas, 1)

= pp(zs, $4)ap(953, ‘I’xs)ﬂp(m, dy)
This implies that ® fails to satisfy condition (1.5).

l—a—8

3. CONCLUSION

This study introduced a new CRRC-type technique to examine the existence
of unique and non-unique fixed point problems. We proved some fixed point the-
orems of the new CRRC-type map, and all study hypotheses were validated using
Example 2.7. The results showed that the CRRC-type is suitable to study the
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existence of unique and non-unique fixed points when the IRRC-type map fails.
Future studies would be tailored by determining the suitable constants o and 3
for approximating several fixed-point problems with or without emphasis on the
contracting constants A and pu.
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