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By using the Nikiforov–Uvarov method, we give the approximate analytical solutions of
the Dirac equation with the shifted Deng–Fan potential including the Yukawa-like tensor
interaction under the spin and pseudospin symmetry conditions. After using an improved
approximation scheme, we solved the resulting schrödinger-like equation analytically.
Numerical results of the energy eigenvalues are also obtained, as expected, the tensor
interaction removes degeneracies between spin and pseudospin doublets.
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1. Introduction

Pseudospin was introduced in the late 60s1,2 and it has been used to explain

features of deformed nuclei3 and superdeformation,4 and to establish an effective

shell-model coupling scheme.5 Spin and pseudospin symmetry now play an impor-

tant role in Hadron and nuclear spectroscopy.6–8
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In recent years, a lot of attention has been paid to Dirac equation with spin

and pseudospin symmetry and their applications. For example, Zhou et al.
9 used

the relativistic mean field theory to investigate single antinucleon spectra. The spin

symmetry in antinucleon spectra of a nucleus have been tested by investigating the

relations between the Dirac wave functions of the spin doublets, and these relations

in realistic nuclei within the relativistic mean-field model have been examined.10

From the Dirac equation, the mechanism behind the pseudospin symmetry was

studied by Meng et al.11,12 and the pseudospin symmetry was shown to be connected

with the competition between the centrifugal barrier and the pseudospin orbital

potential, which is mainly decided by the derivative of the difference between the

scalar and vector potentials.

Lalazissis et al.13 investigated the pseudospin approximation in exotic nuclei in

Zr and Sn isotopes from the proton drip line to the neutron drip line based on

the relativistic continuum Hartree–Bogoliubov theory. Nuclear halo structure and

conservation of relativistic symmetry have been studied within the framework of

the relativistic Hartree–Fock–Bogoliubov theory by Long et al.
14

Very recently, Song et al.
15 studied the effects of tensor coupling on the spin

symmetry of Λ̄ spectra in Λ̄-nucleus systems with the relativistic mean-field theory.

Shortly thereafter, Lu et al.
16 show that the conservation and the breaking of the

pseudospin symmetry in resonant states and bound states share some similar prop-

erties. Furthermore in 2013, by examining the zeros of Jost functions corresponding

to the small components of Dirac wave functions and phase shifts of continuum

states, Lu et al.
16 also showed that the pseudospin symmetry in single particle res-

onant states in nuclei is conserved when the attractive scalar and repulsive vector

potentials have the same magnitude but opposite sign.17 Li et al.18 proved that the

spin-orbit interactions always play a role in favor of the pseudospin symmetry, and

whether the pseudospin symmetry is improved or destroyed by the dynamical term

relating the shape of the potential as well as the quantum numbers of the state.

In the recent years, some authors have investigated the spin symmetry and

pseudospin symmetry with the Dirac equation for some typical potentials such as

the Harmonic oscillator potential,19–27 Coulomb potential,28 Woods–Saxon poten-

tial,29,30 Morse potential,31–34 Eckart potential,35,36 ring-shaped nonspherical har-

monic oscillator,37 Pöschl–Teller potential,38–42 three parameter potential function

as a diatomic molecule model,43 Yukawa potential.44–46 Others are pseudoharmonic

potential,47 Davidson potential,48 Mie-type potential,49 Deng–Fan potential,50

hyperbolic potential,51 Tietz potential52 and Rosen–Morse potential.53–55

Different methods have been used such as supersymmetric quantum mechan-

ics, Nikiforov–Uvarov (NU) method, path integral, series expansion and ansatz

techniques. In this paper, we have used the elegant NU method to obtain the

improved approximate analytical solutions of the Dirac equation under the shifted

Deng–Fan scalar and vector potentials and a Yukawa-like tensor. The improved

approximate analytical solutions can be obtained by using the improved new ap-

proximation scheme (Pekeris-type approximation scheme, Pekeris56) to deal with

1350062-2



August 28, 2013 10:53 WSPC/143-IJMPE S0218301313500626

Solutions of the Dirac Equation with the Shifted Deng–Fan Potential

the centrifugal (pseudo-centrifugal) term near the minimum point r = re.
57 In

addition, the corresponding lower and upper component spinors are obtained.

The Deng–Fan molecular potential, which is an exponential-type potential, is a

simple modified Morse potential called generalized Morse potential which was pro-

posed by Deng and Fan in 1957,58 in an attempt to find a more suitable diatomic

potential to describe the vibrational spectrum.59 This potential has been widely

studied by some researchers in various applications.57–63 This potential model can

be used to describe the motion of the nucleons in the mean field produced by the

interactions between nuclei.57 Maghsoodi et al. obtained the spectrum of Dirac

equation under the Deng–Fan potential with a tensor interaction, using supersym-

metric quantum mechanics.50

Very recently, Hamzavi et al.
64 suggested a modified form of the Deng–Fan

potential, called the shifted Deng–Fan potential. The modification is the Deng–Fan

potential shifted by dissociation energy ᾱ.64 In their work, it was demonstrated that

shifted Deng–Fan potential and the Morse potential are very close to each other for

large values of r in the regions r ≈ re and r > re, but different at r ≈ 0.64 Also,

the thermodynamic properties and the approximate solutions of the Schrödinger

equation with this potential model have been studied by Oyewumi et al.65

In order to obtain theoretical results that are comparable with the experi-

mental results, a tensor interaction is always been introduced in the Dirac equa-

tion with the pseudospin and spin symmetry limits to remove the degeneracy

in the pseudospin and spin doublets.25–27,66–69 Tensor couplings or interactions

have been used successfully in the studies of nuclear properties and applica-

tions.8,23,25–28,34,40,44–47,49–52,55,66–72,74–79

In most of these investigations, Coulomb-like tensor interaction has been used,

except in a few instances where linear plus Coulomb tensor interaction has been

used.40,74 Recently, another form of tensor interaction (Yukawa potential as a tensor

interaction) has been introduced by Hassanabadi et al.69 and Aydoǧdu et al.
79

It is therefore the purpose of the present study to investigate the Dirac equation

with the shifted Deng–Fan potential coupled with the Yukawa tensor potential

(instead of the usual Coulomb-like tensor) under the pseudospin and spin symmetry

limits. The approximate scheme (the Pekeris-type approximation scheme) has been

used to deal with the (pseudo-) centrifugal term, this problem has been solved via

the NU method.

The scheme of our presentations are as follows: In Sec. 2, we give a brief review

of the Dirac equation with Yukawa tensor interaction. Section 3 contains the ap-

proximate solution to the problem. The conclusions and some numerical results for

the energy spectrum are given in Sec. 4.

2. The Dirac Bound State Solutions Including Yukawa-Like Tensor

The time-independent Dirac equation with the scalar potential S(r), vector

potential V (r) and a tensor potential U(r) is written for a spin-half particle in
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the natural units ~ = c = 1 as6,21,46,50,54,55,80

[α · p+ β(M + S(r))− iβα · r̂U(r)]Ψnk(r) = [E − V (r)]Ψnκ(r) , (1)

where E and M are the relativistic energy of the system and the rest mass of

the spin- 12 particle, respectively. p = −i∇ is the three-dimensional momentum

operator. α and β are 4× 4 Dirac matrices, given as

α =

(

0 σi

σi 0

)

, β =

(

I 0

0 −I

)

, (2)

where I is the 2 × 2 identity matrix and σi (i = 1, 2, 3) are the three 2 × 2 Pauli

spin matrices:

σ1 =

(

0 1

1 0

)

, σ2 =

(

0 −i

i 0

)

, σ3 =

(

1 0

0 −1

)

. (3)

For a particle in a spherical (central) field, the total angular momentum operator

J and the spin-orbit matrix operator K̂ = −β(σ · L + I) commute with the Dirac

Hamiltonian, where L is the orbital angular momentum operator. For a given to-

tal angular momentum j, the eigenvalues of K̂ are κ = −(j + 1
2 ) for aligned spin

(s 1

2

, p 3

2

, etc) and κ = j + 1
2 for unaligned spin (p 1

2

, d 3

2

, etc). The spinor wave func-

tions can be classified according to the radial quantum number, n and the spin-orbit

quantum number κ and can be written using the Pauli–Dirac representation6,7,21:

Ψnκ(r) =
1

r

[

Fnκ(r)Y
ℓ
jm(θ, ϑ)

iGnκ(r)Y
ℓ̃
jm(θ, ϑ)

]

, (4)

where Fnκ(r) and Gnκ(r) are the radial wave functions of the upper and lower

spinor components, respectively. Y ℓ
jm(θ, ϑ) and Y ℓ̃

jm(θ, ϑ) are the spherical harmon-

ics functions coupled to the total angular momentum j and its projection m on

the z-axis. The orbital and pseudo-orbital angular momentum quantum numbers

for spin symmetry ℓ and pseudo-spin symmetry ℓ̃ refer to the upper and lower

components, respectively.

Substituting Eq. (4) into Eq. (1), we obtain the two coupled first-order differ-

ential equations:

(

d

dr
+
κ

r
− U(r)

)

Fnκ(r) = (M + Enκ −∆(r))Gnκ(r) , (5)

(

d

dr
−
κ

r
+ U(r)

)

Gnκ(r) = (M − Enκ +Σ(r))Fnκ(r) , (6)

where ∆(r) = V (r) − S(r) and Σ(r) = V (r) + S(r) are the difference and the sum

potentials, respectively. By eliminating Gnκ(r) in Eq. (5) and Fnκ(r) in Eq. (6),

we obtain two second-order nonlinear differential equations for the upper and lower
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radial spinor components, respectively, as






d2

dr2
−
κ(κ+ 1)

r2
+

2κ

r
U(r)−

dU(r)

dr
− U2(r) +

d∆(r)

dr
M + Enκ −∆(r)

×

(

d

dr
+
κ

r
− U(r)

)






Fnκ(r)

= [(M + Enκ −∆(r))(M − Enκ +Σ(r))]Fnκ(r) , (7)







d2

dr2
−
κ(κ− 1)

r2
+

2κ

r
U(r) +

dU(r)

dr
− U2(r) +

dΣ(r)

dr
M − Enκ +Σ(r)

×

(

d

dr
−
κ

r
+ U(r)

)






Gnκ(r)

= [(M + Enκ −∆(r))(M − Enκ +Σ(r))]Gnκ(r) , (8)

where κ(κ− 1) = ℓ̃(ℓ̃+ 1) and κ(κ+ 1) = ℓ(ℓ+ 1).

2.1. Spin symmetry limit

The spin symmetry occurs when d∆(r)
dr = 0 or ∆(r) = Cs = constant.6,7,21,36,50,57

Now taking Σ(r) as the shifted Deng–Fan potential,64 i.e.,

Σ(r) = Db

[

b

(ear − 1)2
−

2

ear − 1

]

, b = eare − 1 , (9)

where r ∈ (0,∞), the three positive parameters D, re and a denote the dissocia-

tion energy, the equilibrium inter-nuclear distance and the range of the potential

well, respectively. The Yukawa tensor potential is introduced instead of the usual

Coulomb-like tensor interaction as

U(r) = −
A

r
e−ar , (10)

where A = γZ, γ = (137.037)−1 is the fine-structure constant, Z is the atomic

number. This potential is often used to compute the bound-state normalizations

and energy levels of neutral atoms.46 Under this symmetry, Eq. (7) can easily be

transformed into the following equation:
[

d2

dr2
−
κ(κ+ 1) + (2κ+ 1)Ae−ar +A2e−2ar

r2
−
Aae−ar

r

]

Fs,nκ(r)

×

[

(M + Enκ − Cs)

(

M − Enκ +Db

(

b

(ear − 1)2
−

2

ear − 1

))]

= 0 , (11)

where κ = ℓ and κ = −ℓ− 1 for κ < 0 and κ > 0, respectively.
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2.2. Pseudospin symmetry limit

The pseudospin symmetry occurs when d[V (r)+S(r)]
dr = dΣ(r)

dr = 0 or Σ(r) = Cps =

constant. Here we are taking ∆(r) as the shifted Deng–Fan potential and the tensor

as the Yukawa-like potential, i.e.,

∆(r) = Db

[

b

(ear − 1)
2 −

2

ear − 1

]

, U(r) = −
A

r
e−ar, r ≥ Rc . (12)

By substituting Eq. (12) into Eq. (8), we can easily obtain
[

d2

dr2
−
κ(κ− 1) + (2κ+ 1)Ae−ar +A2e−2ar

r2
−
Aae−ar

r

]

Gps,nκ(r)

×

[

(M − Enκ + Cps)

(

M + Enκ −Db

(

b

(ear − 1)2
−

2

ear − 1

))]

= 0 ,

(13)

where κ = −ℓ̃ and κ = ℓ̃+ 1 for κ < 0 and κ > 0, respectively.

3. Bound State Solutions of the Dirac Equation with the Shifted

Deng Fan Potential and the Yukawa Tensor Potential

In this section, by employing the NU method, we shall approximately solve the Dirac

equation with the shifted Deng–Fan potential and the Yukawa tensor potential.

3.1. Solutions of spin symmetry limit

In order to obtain the exact solution of Eq. (11) for κ 6= (0,−1), we must therefore

include an approximation to deal with the centrifugal barrier. It is found that for

short-range potential, the following approximation is a good approximation to the

spin/pseudospin orbit coupling term:

1

r2
≈

a2

(1− e−ar)2
. (14)

In order to show the validity of the approximation in Eq. (14), we define the

following functions which are similar to the works of Dong60 and Falaye82:

f1(r) =
1

r2
, f2(r) =

a2

(1− e−ar)
2 , a = 0.1, 0.5, 1.0 , (15)

and show the plots of expressions f1(r) and f2(r) as a function of the variable

r with parameter a = 0.1, 0.5, 1.0 in Fig. 1. It is shown that when a is small

(short potential range), Eq. (14) is a good approximation to 1
r2 . However, the

difference becomes noticeable for large a (long-range potential). This implies that

the Eq. (14) is not a good approximation to the centrifugal term when the parameter

a becomes large.

Now, with the aid of Eq. (14) and by introducing the following new dimensionless

parameter, z(r) = e−ar ∈ [0, 1], which maintains the finiteness of the transformed
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Fig. 1. (Color online) The plots of expressions f1(r) = 1

r2
(green dash line) and f2(r) =

a
2

(1−e−ar)2
as a function of the variable r are displayed with parameters a = 0.1, 0.5, 1.0

correspond to red dash, blue dash and black dash lines, respectively.

wave functions on the boundary conditions, Eq. (11) is easily transformed into the

following Schrödinger-like equation satisfying Fs,nκ(r):

d2Fs,nκ

dz2
+

1

z

dFs,nκ

dz

−

{

(

A2 −A+ ξ(b+ 2) + ζ
)

z2 + (2A(κ+ 1)− 2ξ − 2ζ) z + κ(κ+ 1) + ζ

z2(1 − z)2

}

×Fs,nκ(z) = 0 , (16)

where we have introduced the following parameters:

ξ =
1

a2
(M + Enκ − Cs)Db, ζ =

1

a2
(M + Enκ − Cs) (M − Enκ) . (17)

Equation (16) can now be solved by using the NU method, and thus, the required

polynomials given in Appendix A take the following analytic forms:

π(z) = −
z

2
−









√

(

A+ κ+
1

2

)2

+ ξb+
√

κ(κ+ 1) + ζ



 z −
√

κ(κ+ 1) + ζ



 ,

(18a)
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k = 2ξ − 2(A+ κ)(k + 1)− 2

√

√

√

√(κ(κ+ 1) + ζ)

[

(

A+ κ+
1

2

)2

+ ξb

]

,

(18b)

τ(z) = 1− 2z − 2









√

(

A+ κ+
1

2

)2

+ ξb+
√

κ(κ+ 1) + ζ



z −
√

κ(κ+ 1) + ζ



,

(18c)

with τ ′(z) = −2 − 2
[

√

(A+ κ+ 1
2 )

2 + ξb +
√

κ(κ+ 1) + ζ
]

< 0. It is straight-

forward to establish the following relation by using (A.10):


n+
1

2
+

√

(

A+ κ+
1

2

)2

+ ξb+
√

κ(κ+ 1) + ζ





2

−A2 +A− ξ(b+ 2)− ζ = 0 .

(19)

Using the identities in Eq. (17), we can find a more explicit expression for the

relativistic bound-state energy spectrum as


n+
1

2
+

√

(

A+ κ+
1

2

)2

+
Db2

a2
(M + Enκ − Cs)

+

√

κ(κ+ 1) +
1

a2
(M + Enκ − Cs)(M − Enκ)

)2

−A2 +A−
Db(b+ 2)

a2
(M + Enκ − Cs)−

1

a2
(M + Enκ − Cs)(M − Enκ) = 0 .

(20)

In order to the obtain the corresponding wave functions, we find the explicit form

of the weight function (Appendix (A.10)) as

ρ(z) = z2δ(1− z)η ,

δ =
√

κ(κ+ 1) + ζ, η = 2

√

(

A+ κ+
1

2

)2

+
Db2

a2
(M + Enκ − Cs) .

(21)

The above weight function gives the first part of the wave functions from

(Appendix (A.9)) as

ynκ(z) → P (2δ,η)
n (1− 2z) (22)

and hence the second part of the wave functions can be easily found by using

Appendix (A.5) as

φ(z) → zδ(1− z)
η

2
+ 1

2 . (23)
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Hence, the unnormalized upper component of the spinor wave functions is expressed

in terms of the Jacobi polynomials as (Appendix (A.2))

Fs,nκ(r) = Ns,nκz
δ(1− z)

η

2
+ 1

2P (2δ,η)
n (1− 2z) , (24)

where Ns,nκ is the normalization constant.

3.2. Solutions of pseudospin symmetry limit

The lower component of the spinor wave function Gps,nκ in Eq. (13) can be obtained

by following the same procedure in the previous subsection, this equation can be

expressed as

d2Gps,nκ(z)

dz2
+

1

z

dGps,nκ(z)

dz

−







(

A2 −A+ ξ̃(b+ 2) + ζ̃
)

z2 +
(

2A(κ+ 1)− 2ξ̃ − 2ζ̃
)

z + κ(κ− 1) + ζ̃

z2(1 − z)2







×Gps,nκ(z) = 0 , (25)

where the following parameters have been introduced:

ξ̃ =
1

a2
(Enκ −M − Cs)Db, ζ̃ =

1

a2
(M − Enκ + Cs)(M + Enκ) . (26)

To avoid repetition in the procedure of obtaining the solution for this case, the

following parameter mapping is used81:

Fs,nκ(r) ↔ Gps,nκ, κ→ κ− 1, V (r) → −V (r) ,

Es,nκ → −Eps,nκ, Cs → −Cps .
(27)

By applying the above transformations, Eqs. (20), (24) and (25) lead to the following

pseudospin symmetric energy equations:


n+
1

2
+

√

(

A+ κ−
1

2

)2

+
Db2

a2
(Enκ −M − Cs)

+

√

κ(κ− 1) +
1

a2
(M − Enκ + Cs)(M + Enκ)

)2

−A2 +A−
Db(b+ 2)

a2
(Enκ −M − Cs)−

1

a2
(M − Enκ + Cs)(M + Enκ) = 0 ,

(28)

and the unnormalized lower component of the spinor wave function is obtained in

terms of the Jacobi polynomials as

Gps,nκ(r) = Ñs,nκz
δ̃(1− z)

η̃

2
+ 1

2P (2ζ̃,η̃)
n (1 − 2z) , (29)

where Ñs,nκ is the normalization constant.
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Solutions of the Dirac Equation with the Shifted Deng–Fan Potential
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4. Conclusion

We have obtained the approximate energy equation and the corresponding wave

functions of the Dirac equation for the shifted Deng–Fan potential coupled with the

Yukawa-like tensor under the conditions of the spin and pseudospin symmetry. After

using an improved approximation scheme, the resulting Schrödinger-like equation

is solved by using the elegant NU method. Our numerical data describe the energy

splitting in detail. In Table 1, in the case of the spin symmetry, for re = 0.4 fm−1

and in the absence of tensor interaction, i.e., A = 0 (when the tensor potential

vanishes), we noticed the degeneracy between two states in the spin symmetry

doublets as follows:

n















p3/2
d5/2
f7/2
g9/2

= n















p1/2
d3/2
f5/2
g7/2

.

Also, the system becomes less attractive when the quantum numbers increase,

i.e., the energy levels are negative. By reducing equilibrium inter-nuclear distance

by half yields a very small increment in the energies. It is also noticed that the

presence of tensor interaction, say A = 0.5, removes the degeneracy between the

states. When Cs = 0, we noticed that the energy levels are repulsive and becoming

weakly repulsive with quantum numbers increasing.

Furthermore, in Table 2, we take Cps = 0 (pseudospin symmetry) and Cps = −5.

For Cs = 0, re = 0.8 fm−1 and A = 0, we noticed that the system is repulsive and

also the degeneracy between two states in the pseudospin symmetry doublets can

be written as follows:

n















s1/2
p3/2
d5/2
f7/2

= (n− 1)















d3/2
f5/2
g7/2
h9/2

.

The same behavior is also observed by reducing the equilibrium inter-nuclear dis-

tance by half of the initial. Also, similar to the spin symmetry case, the decrement

in re results in very small increment in the relativistic energy spectrum. Again, we

obtain energy spectrum in the presence of the Yukawa tensor term. As it can be

observed from the results presented in Table 2, the degeneracy between the states

are removed in this regard. In addition, the system becomes less attractive when

the quantum numbers increase.
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Appendix A. The NU Method

One of the computational tools utilized in solving the Schrödinger-like equation

including the centrifugal barrier and/or the spin-orbit coupling term is called the

NU method. Proposed in order to solve the second-order differential wave equation

of the hypergeometric-type:

Ψ′′(z) +
τ̃(z)

σ(z)
Ψ′(z) +

σ̃(z)

σ2(z)
Ψ(z) = 0 , (A.1)

where σ(z) and σ̃(z) are polynomials, at most second degree, and τ̃(z) is a polyno-

mial of first degree.33,34,49,61–63,77,83,84,86–92

The prime denotes the differentiation with respect to z. In finding a particular

solution to (A.1), one needs to decompose the wave function ψ(z) as

ψ(z) = φ(z)y(z) , (A.2)

yielding the following hypergeometric type equation:

σ(z)y′′(z) + τ(z)y′(z) + Λy(z) = 0 , (A.3)

where

τ(z) = τ̃ (z) + 2π(z) (A.4)

satisfies the condition τ ′(z) < 0, which will have a negative derivative and π(z) is

related to the function φ(z) by

π(z) = σ(z)
d

dz
[lnφ(z)] . (A.5)

The function π and the parameter λ required for this method are defined as follows:

π(z) =

(

σ′ − σ̃

2

)

±

√

(

σ′ − σ̃

2

)2

− σ̃ + kσ . (A.6)

λ = k + π′(z) . (A.7)

In order to find the value of k, the expression under the square root must be a

square of a polynomial. This gives the polynomial π(z) which is dependent on the

transformation function z(r). Also the parameter λ defined in Eq. (A.7) takes the

form:

λn = −nτ ′ −

[

n(n− 1)

2
σ′′

]

, n = 0, 1, 2, . . . . (A.8)

The polynomial solutions yn(z) are given by the Rodrigue relation:

yn(z) =
Cn

ρ(z)

dn

dzn
[σn(z)ρ(z)] , (A.9)
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where Cn is a normalization constant and the weight function ρ(z) satisfies the

following relation:

d

dz
[σ(z)ρ(z)] = τ(z)ρ(z) . (A.10)
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