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ABSTRACT:  The relativistic Dirac equation with equal Eckart scalar and vector potentials is solved 
using the Nikiforov-Uvarov method. The exact energy equation and the spinor wave function for the s-
wave bound states are obtained. A straightforward extension to shifted Hulthén potential is also 
presented. 
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I. INTRODUCTION 

 

      It is well known that when a particle is in a strong potential field, the relativistic effect must 
be considered, leading to the relativistic quantum mechanical description of such particle [1-4].  In 
the relativistic limit, the particle motions are commonly described using either the Klein-Gordon 
equation or the Dirac equation [2, 3] depending on the spin character of the particle.  The spin-zero 
particles for example, the mesons, are described by the Klein-Gordon equation. On the other hand, 
however, the spin-half particles, such as an electron, are satisfactorily described by the Dirac 
equation. Because the exact solutions of these equations with physically relevant potentials play an 
important role in our understanding of the relativistic phenomena, attentions have therefore been 
devoted to obtaining their analytical solutions using different potential models [5-14].  

 
In recent time, a number of researchers have studied the bound states of the Klein-Gordon 

equation and the Dirac equation with mixed potentials by assuming equal scalar and vector 
potentials. For example, these investigations have employed anharmonic oscillator potential [4], 
Kratzer potential [8, 15], Hulthén potential [16], Woods-Saxon potential [17], the Pöschl-Teller 
potential and Rosen-Morse potential [18], and the harmonic oscillator plus a novel angle-dependent 
potential [19]. Different methods such as the supersymmetry, asymptotic Iteration method and the 
Nikiforov-Uvarov technique, etc, have been used to solve the differential equations arising from 
these considerations. 

 
In this paper, our focus is on the bound state solutions of the Dirac equation with equal scalar 

and vector potentials for the Eckart potential using the elegant Nikiforov-Uvarov (NU) method [20]. 
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The Eckart potential, introduced by Eckart [21] in 1930, is a diatomic molecular potential model 
widely used in applied Physics [22] and chemical Physics [23, 24].  

 

 
II. NIKIFOROV-UVAROV METHOD 

 

The Nikiforov-Uvarov method reduces the second order differential equations (ODEs) to the   
hypergeometric type with an appropriate coordinate transformation s=s(r) 
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where σ(s) and )(~ sσ  are polynomials, at most second degree, and )(~ sτ  is a polynomial of first 

degree [20, 25-28].  By using the following factorization 
 

                     ).()()( syss φ=Ψ                                      (2) 

 
Eq. (1) reduces to the hypergeometric form [20] 
 

 0)()()()()( =Λ+′+′′ sysyssys τσ ,                                              (3) 

 
where  
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and π(s) is related to the function ( )sφ  by 
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d
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The parameter Λ is defined by (Λ=Λn) 
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The energy eigenvalues can be calculated from Eq. (6). In order to calculate the energy 
eigenvalues, we need, first, to determine Λ by using the first derivative of π(s) and defining  

 

          )s(π′−Λ=κ .                   (7) 

 
By solving the resulting quadratic equation for π(s), one obtains the following expression 
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Here π(s) is a polynomial and the prime denote the first derivative of the functions σ(s) and )s(τ , 

respectively. The wave function can now be determined by solving for ( )sφ in Eq. (5), and using the 

Rodrigues relation 
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where Cn is a normalization constant and the weight function ρ(s) satisfies the following relation 
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ds

d
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III. BOUND STATE SOLUTIONS OF THE DIRAC EQUATION 

 
The Dirac equation with both the scalar potential S(r) and vector potential V(r) is given by 

)1( == ch  [5] 

               

                           { } )r(E)r()]r(SM[)r(V Ψ=Ψ+β++⋅pα ,                                                          (11) 

 
where E denotes the particle energy and M is the particle mass. In the relativistic quantum 
mechanics, the complete set of the conservative quantities for a particle in a central field can be 
taken as (H, K, J2, Jz), the eigenfunctions of which are given by [28]; 
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In Eqs. (12a) and (12b), F(r)/r and G(r)/r are the radial wavefunctions and, 
A

jmjφ  and 
B

jmjφ  are the 

angular components of the total wavefunctions which are usually expressed in terms of the 
spherical harmonics.  Substituting Eq. (12a) or (12b) into Eq. (11), gives the radial part of the Dirac 
equation as a system of the two coupled first order differential equations 
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In this paper, we consider the Eckart potential of the form [21] 
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 V(r) = V1cosech2
αr - V2cothαr.                   (14) 

 
Here, V1 and V2 describe the depths of the potential well, and the parameter α is related to the 
range of the potential. In order to obtain an exact analytical solution for the coupled equations with 
the Eckart scalar potential S(r) and vector potential V(r), we consider only the special case with 
scalar and vector potentials of equal magnitudes, V(r) = S(r) so that Eq. (13)  reduces to the 
following  
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where we have used Eq. (14) for the potentials. 
 

Combining Eqs. (15a) and (15b), we obtain a second order Schrödinger-like equation for the 
s-wave with orbital angular momentum l=0 (i.e. k=1 for the Dirac equation) 
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where we have used 22~
MEE −=  for brevity.  Using   

 
s = cothαr,                                                                                                          (17) 

we have 
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hence Eq. (16) reduces to 
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In Eq. (19) we have used the following notations  
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By comparing Eq. (19) with Eq. (1), we obtain 1)( 2 −= ssσ , ss 2)(~ =τ  and 

sss γβεσ +−−= )1()(~ 2 .  

 
Substituting these polynomials into Eq. (8), we obtain the following: 
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where 
22 γεω −= . 

  

For the polynomial πττ 2~ += , with negative derivative, we select 
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which if combined with ( ),k sπ ′Λ = + gives 
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and  
 

ωεβ −−−=Λ . (24) 

 
Now using Eq. (6), we have 
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Comparing Eqs. (24) and (25), the exact energy eigenvalues are obtained as 
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since ( )2

1
22 γ−ε=ω .  Then, solving for the function ( )sφ  by using 1)( 2 −= ssσ , and Eq. (22) in Eq. 

(5), we have 
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Similarly by using Eqs. (9) and (10), we obtain 
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The solutions of Eq. (28) may be expressed in terms of Jacobi polynomials of the form [29] 
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Therefore the radial wavefunction of the upper component of the Dirac wavefunction F(r) can be 
written as 
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The normalization constant Cn is obtained as 
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The lower component G(r) may be defined from Eq. (15a) as 
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Finally, using the radial wavefunctions, Eqs. (30) and (32), in Eqs. (12a) and (12b) gives the s-wave 
spinor wavefunctions for the Dirac equation with equally mixed Eckart potential. 
 
 
 

IV. DISCUSSION 

 

 

In this section, within the framework of the Dirac theory with equally mixed potentials, we obtain 
the energy equation and the spinor wave functions for the Hulthén potential, a special case of the 

Eckart potential.  If we take ,
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reduces to the standard Hulthén potential with a constant shift of  
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The Hulthén potential is widely used in many branches of physics, such as atomic physics [31], 

solid state physics [32] and chemical physics [33]. Using Eq. (16) and making the corresponding 
parameter replacements in Eq. (26), we obtain the energy eigenvalue equation for the Hulthén 
potential in the Dirac theory with equally mixed potentials, 
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Making the corresponding parameter replacements in Eqs. (30) and (32), we can consequently 

obtain the wavefunctions F(r) and G(r), respectively. 
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V. CONCLUSION 

     
The bound state solutions of the Dirac equation with equally mixed Eckart potential have 

obtained. The two-component spinor eigenfunctions (which are obtained in terms of the Jacobi 
polynomials) and energy eigenvalues for the s-wave (k=1) have been obtained using the Nikiforov-
Uvarov method. It is evident that this method can be used also to find the bound state solutions for 
all l (orbital angular momentum). 
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